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Abstract. In this study, we introduce a new iterative processes to approxi¬ 
mate common fixed points of an infinite family of quasi-nonexpansive mappings 
and obtain a strongly convergent iterative sequence to the common fixed points 
of these mappings in a uniformly convex Banach space. Also we prove that 
this process approximates to zeros of an infinite family of accretive operators 
and we obtain a strong convergence result for these operators. 


1. INTRODUCTION AND PRELIMINARIES 

Throughout this study, the set of all non-negative integers and the set of reel 
numbers, which we denote by N and R, respectively. 

Geometric properties of Banach spaces and nonlinear algorithms, a topic of inten¬ 
sive research efforts, in particular within the past 30 years, or so. Some geometric 
properties of Banach spaces play a crucial role in fixed point theory. In the first 
part of the study, we investigate these geometric concepts most of which are well 
known. We begin with some basic notations. 

In 1936, Clarkson [T] achieved a remarkable study on uniform convexity. It sig¬ 
nalled the beginning of extensive research efforts on the geometry of Banach spaces 
and its applications. Most of the results indicated in this work were developed in 
1991 or later. 

Let C be a nonempty, closed and convex set, which is subset of B Banach space, 
and let B* be the dual space of B. We define the modulus of convexity of B, Ssie), 
as follows: 

Ssie) = inf |l - ^ : a,b e B(0, 1), ||a - &|| > e| . 

The modulus of convexity is a real valued function defined from [0,2] to [0,1] 
which is continuous on [0,2). A Banach space is uniformly convex if and only if 
<5B(e) > 0 for all e > 0. Let i? be a normed space and Sb = {a € B : ||a|| = 1} the 
unit sphere of B. Then norm of B is Gateaux differentiable at point a G 5 '_b if 
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for a € Sb 


dt 


\a + tb\\) It^o = lim 

t—yO 


\a + tb\\ - ||a|| 
t 


exists. The norm of B is said to Gateaux differentiable if it is Gateaux differentiable 
at each point of S's-In the case, B is called smooth. The norm of B is said to uni¬ 
formly Gateaux differentiable if for each b G Sb, the limit is approached uniformly 
for a G Sb- Similarly, if the norm of B is uniformly Gateaux differentiable, then 
B is called uniformly smooth. A normed space B is called strictly convex if for all 
a,b G B, a ^ b, ||a|| = ||6|| = 1, we have 

||Aa -I- (1 — A) 6|| < 1, for all A G (0,1). 

Now, the result of the above definitions we give the following theorem and corol¬ 
lary without proofs. 


Theorem 1. [5] Let B be a Banach space. 

1) B is uniformly convex if and only if B* is uniformly smooth. 

2) B is uniformly smooth if and only if B* is uniformly smooth. 

Theorem 2. [2] Every uniformly smooth space is reflexive. 

A self mapping f on [0, oo) is said to be a gauge map if it is continuous and 
strictly increasing such that (0) = 0. Let f he a, gauge function, and let B be any 
normed space. If the mapping : B ^ 2^ defined by 

J^a = {feB*-.{aJ)=\\a\\\\f\\-,\\f\\=f{\\a\\)} 

for all a G B, then is said to be the duality map with gauge function ^.If 
(j)(f) = t is selected, then — J duality mapping is called the normalized duality 
map. 

Let 

tf}{t) = f f (c) t>0, 

Jo 

then Ip {6t) < 6(p (t) for each S G (0,1). 


p (t) = sup | ll° + ^ll + ll° ^11 -i:a,beB, ||a|| = 1 and ||6|| = tj 

is called the modulus of smoothness of B, where p : [0, cxd) —5> [0, cxd) is a mapping. 
Also, limt_>o = 0 if and only if B is uniformly smoothness. 

Assume that g G K is chosen in the interval (1,2]. If a Banach space B is 
g—uniformly smoothness, then it provides the following conditions, (i) there exists 
a fix c > 0, (ii) p{f) < cf^. For g > 2, there is no q-uniformly smoothness Banach 
space. In [3], this assertion was showed by Cioranescu. We say that the mapping 
J is single-valued and also smoothness if the Banach space B having a sequentially 
continuous duality mapping J from weak topology to weak* topology. The space B 
is said to have weakly sequentially continuous duality map if duality mapping J is 
continuous and single-valued, see EH], 

Let G be a nonempty subset of Banach space B and T : C —)■ B he a nonself 
mapping. Also, let F (T) = {a € C : Ta = a} denote the set of fixed point of T. 
The map T : C ^ B can be referred as follows: 

1) It is nonexpansive if ||Ta — Tb\\ < jja — 6|| for all a,b € C. 

2) It is quasi-nonexpansive if jjra — p|| < ||a — p\\ for all o G C and p € F (T). 
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In the following iterative process defined by Dogan and Karakaya [ 6 ]. 

Let C be a convex subset of a normed space B and T : C ^ C a self map on B. 


(1.1) xo = X G C 

f (^5 Tti) = (1 pn) “f “f (pn ^n) ^Vn 

Un — (1 ~ Cn) “f 


for n > 0 , where {^„} , {pn} , {Cn} satisfies the following conditions 

S) tn~\}Zo ^ 0 > {C 0 . J “=0 e [0, 1] 

Cs) Er=0 Pn = 00. 

In 1967, Halpern [7] was the first who introduced the following iteration process 
under the nonexpansive mapping T. For any initial value ao G C and any fix u G C, 
G [ 0 , 1 ] such that Pjj = n~^, 

(1.2) o„+i = + (1 - p„)ra„ Vn G N, 


where b G (0,1). In 1977, Lions [S] showed that the iteration process (11.21) converges 
strongly to a fixed point of T, where {p„}„gN provides the following first three 
conditions: 


(Cl) lim„_),oo = 0; 


(C2) J 2 n=l Pn = 00; 

(C3) iim„^oo 

(C4) E“=l |Pn+l -Pn 


= 0 ; 

I < 00; 


(C 5 ) lim 

n^oo 


= 0 ; 


(Ce) |p„+i - p„| <0 (p„+i) + cr„, X;“=i < 00. 

Also, by exchanging of the above conditions, several authors were obtained var¬ 
ious results in different spaces. Let us list the main ones as follows: 

(1) In [9], Wittmann was shown that the sequence converges strongly 

of a fixed point of T by the conditions Ci, C 2 and C 4 . 

( 2 ) In [TUI HU, Reich was shown that the sequence converges strongly 

of a fixed point of T in the uniformly smooth Banach spaces by the conditions Ci, 
C 2 and Cq. 


(3) In [TU, Shioji and Takahashi were shown that the sequence {a„}^gpj con¬ 
verges strongly of a fixed point of T in the Banach spaces with uniformly Gateaux 
differentiable norms by the conditions Ci, C 2 and C 4 . 

(4) In [TU], Xu was shown that he sequence converges strongly of a fixed 

point of T by the conditions Ci, C 2 and C 5 . 

Are the conditions Ciand C 2 enough to guarantee the strong convergence of 
(11.21) iteration process for the quasi-nonexpansive mappings, see |U? 

This question was answered positively by some authors. In the following list, 
you can see the work of these authors [HIIlllIlKnillllllHlEolEU. But, in [22] . 
they were shown that the answer to open question is not positive for nonexpansive 
mappings in Hilbert spaces. 

The effective domain and range oi A : B ^ 2^ denoted by dom (A) = {a G B : Aa ^ 0 } 
and R{A), respectively. If there exists j G J {a — b) such that {a — b,j) > 0 
and J : B ^ 2^ duality mapping, then the map A is said to be accretive, for 
all a,b G B. li R{I + rA) = B, for each r > 0, then the accretive map A is 
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TO—accretive operator. All this paper, \ei A ■. B ^ 2^ be an accretive opera¬ 
tor and be has a zero. Now, we can define a single- valued mapping such that 
Jr = {I + rA)~^ : B dom{A). It is called the resolvent of A for r > 0. 
Let A~^ = {a G B : 0 € Aa}. It is known that A~^ = F (Jr) for all r > 0, 
(see,[23l[24] ). 

Let i? be a reflexive, smooth and strictly convex Banach space and C be a 
nonempty, closed and convex subset (ccs) of B. Under these conditions, for any 
a G B, there exists a unique point z G C such that 

11-2 — a|| < min \\t — a||; see 

Definition 1. If Pea = z, then the map Pc B ^ C is called the metric 
projection. 

Assume that a G B and z G C, then z = Pea iff {z — t, J {a — z)) > 0, for all 
t G C. In a real Hilbert space H, there is a Pc : H ^ C projection mapping, which 
is nonexpansive, but, such a Pc : B ^ C projection mapping does not provide the 
nonexpansive property in a Banach space B, where C is a nonempty, closed and 
convex subset of them; see [25] . 

Definition 2. [26] Let C C D be subsets of Banach space B. A mapping Q : C —> 
D is said to be a sunny if Q (Sx -I- (1 — (5) Qx) = Qx, for each x G B and d G [0,1). 

Q is said to be a retraction if and only if = Q. Q is a sunny nonexpansive 
retraction if and only if it is sunny, nonexpansive and retraction. 

In the next time, we will need lemmas in order to prove the main results. 

Lemma 1. [I3j Let B be a Banach space with weakly sequentially continuous duality 
mapping J^f,. Then 

■0 (l|a + 6 ||) < V' (l|a||) + 2 {b,j4, (a + b)) 
for a,b G B. If we get J instead of J^, we have 

\\a + bf<\\af + 2{b,j{a + b)) 

for a,b G B. 

Lemma 2. [^ Let B be a Banach space with weakly sequentially continuous duality 
mapping and C be a ccs of B. Let T : C ^ C be a nonexpansive operator having 
F (T) 0. Then, for each u G C, there exists a G F (T) such that 

{u — a, J {b — a)) < 0 

for all b G F (T). 

Lemma 3. [57] Let B be a reflexive Banach space with weakly sequentially con¬ 
tinuous duality mapping J^j, and C be a ccs of B. Assume that T : C ^ C is 
a nonexpansive operator. Let Zt G C be the unique solution in C to the equation 
Zt = tu {1 — t)Tzt such that u G C and t G (0,1). Then T has a fixed point 
if and only if remains bounded as t ^ O'*", and in this case, {zt}f^f^Q 2 ) 

converges as t —>■ O'*" strongly to fixed point ofT. If we get the sunny nonexpansive 
retraction defined by Q : C ^ F (T) such that 

Q {u) = lim Zt, 
t—>0 
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then Q (u) solves the variational inequality 

{u — Q (u), J^{b — Q (u))) < 0, u G C and b G F (T). 

One of the useful and remarkable results in the theory of nonexpansive mappings 
is demiclosed principle. It is defined as follows. 


Definition 3. [21] Let B be a Banach space, C a nonempty subset of B, and 
T : C ^ B a mapping. Then the mapping T is said to be demiclosed at origin, that 
is, for any sequence {an}nGN in C which a„ ^ p and ||Tan — a„|| —>■ 0 imply that 
Tp = p. 


Lemma 4. |28] Let B be a reflexive Banach space having weakly sequentially con¬ 
tinuous duality mapping with a gauge function (f, C he a ccs of B and T : C ^ B 
be a nonexpansive mapping. Then I — T is demiclosed at each p G B, i.e., for any 
sequence {a„}„gAr in C which converges weakly to a, and {I — T)an -G p converges 
strongly imply that (I — T)a = p. (Here L is the identity operator of B into itself.) 
In particular, assuming p = 0, it is obtained a G F (T). 

Lemma 5. [29] Let {tinlneN ® nonnegative real sequence and satisfies the fol¬ 
lowing inequality 

l^n+l — (1 Tn) Tn F 

and assume that and satisfy the following conditions: 

OC 

( 1 ) C [ 0 , 1 ] and ^ = oo, 

n—1 

( 2 ) limsup„^^e„ < 0, or 

CO 

(3) X! < OO, 

71 — 1 

then lim„^oo Mn = 0 - 


Lemma 6 . [24] Let B be a real Banach space, and let A be an m—accretive 
operator on B. For t > 0, let Jt be a resolvent operator related to A and t. Then 


\\Jka 


Jia\\ < 



Jfcoll, for all k,l > 0 and a G B. 


Lemma 7. [30] Let be a sequence of real numbers such that there exists 

a subsequence {/.trailjgN iTn}nGN which satisfies jj,^. < iXm+i * > 0. Also, 

we consider a subsequence |b(n)| O N defined by 

??(„) = max {k<n: fif.< } . 


Then 




is a nondecreasing sequence providing lim„^oo ? 7 (n) 

* n>no 

all n> no. Hence, it holds that ^ and implies that ^„ < /i 


= OO, for 
’7(n) + l- 


Lemma 8 . [31] Let B be a uniformly convex Banach space and t > 0 be a constant. 
Then there exists a continuous, strictly increasing and convex function g : [0,2t) ^ 
[ 0 , oo) such that 


OO 

i=l 




Pi\flr\\ - PkPiQ {\\ak - ai\ 
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oo 

Vfc, I > 0, Qi G Bt = {z G B : ||z|| < t}, /9j G (0,1) and i >0 with p^ = 1. 

i=0 


2. Main results 

Theorem 3. Let B be a real uniformly convex Banach space having the normalized 
duality mapping J and C be a ccs of B. Assume that {Ti}jgjs^u|Qj is a infinite 
family of quasi nonexpansive mappings given in the form Ti : C ^ C such that 

OO 

= [^ F (Ti) ^ 0, and for each i > 0, Ti — I is demiclosed at zero. Let 

i=0 

be a sequence generated by 

vi, u gC arbitrarily chosen, 

l^»+l = + (1 - Cn) ToVn + (Cn “ Cn) ToWn 

OO 

Wn = ‘Pn,^T^Vn, n>0, 

M;/iere{C„}„gN^ {^nlnGN {‘^r*.i}neN,ieNu{ 0 } sequences in [ 0 , 1 ] satisfying 
the following control conditions: 

(1) J-oo'Cn “ 0, 

oo 

(2) XI 

n—1 

oo 

(3) ‘Pn.o + X ‘h’n.i = 1; for all n G N; 

i—1 

(4) liminf^^oo Cn^n,o^n,i > 0; for all uGN. 

Then {'TnlngN converges strongly as n ^ oo to Ppu, where the map Pp : B ^ F 
is the metric projection. 

Proof. The proof consists of three parts. 

Step 1. Prove that {w„}„gpj, {iyn}„gN bounded. 

Firstly, we show that is bounded. Let p G F be fixed. By Lemma | 8 l 

we have the following inequality 



||Wn 


Pf 


< 


< 


< 


TnpVn + X Tn,zrVn “ P 

oo 

Tn,0 Ik" - PII^ + X *^"4 -pf - TnpTu,^9 (Ikn “ TiVn\\) 


Pn,0 Ik" - PII^ + X Ik" - pf - Pn,oPn,^9 (Ik" “ rVn\\) 

\\Vn - pf - Tn,0Pn,z9 (.WVn - rVnW) 

Ik" - pf • 


( 2 . 2 ) 
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This show that 

\\Vn+l-p\\ = UnU + - Cn)ToVn + iCri - ^n)ToWn -p\\ 

< - P\\ + (1 - C„) \\T0Vn - P\\ + iCn “ Cn) \\ToWn - p\\ 


< Cnl|w-Pll+ (!-?„ 


-p||+(C„-^r, 

-pII 


-P\\ 


< max{||M -p||, ||z;„ - p\\ } 

If we continue the way of induction, we have 

||t„+i- p|| < niax{||M-p||, ||ui-p|| } , Vn G N. 

Therefore, we conclude that ||u„_|_i — p\\ is bounded, this implies that is 

bounded. Furthermore, it is easily show that ig^ulo} 

bounded too. 

Step 2. Show that for any n G N, 

(2.3) ||u„+i - zf < (1 - Cn) hn - + 25„ {u- Z,J {Vn +1 - z)) . 

By considering (12.21) . we have 

(2-4) \\Wn - zf = \\Vn - zf - Pn,oPn,z9 (hn “ TiVn\\) ■ 

(12.41) implies that 

\\Vn+i-zf = \\^^U+{l-CjToVr, + iCri-in)ToW„ - zf 


(2.5) 

( 2 . 6 ) 


< Cn Ik - + (1 - Cn) + (Cn “ Cn) 

< ^u\\u-zf + {l-Cn)\\Vn-zf 


+ (Cn - Cn) [Ikn “ “ Pn,oPn,t9 (Ikn “ | 

= Cnlk-^f + (l-C„)lkn-2;f 
(2-7) -CnPufiPn,t9{\\Vn “ TiVn\\) + ^nPn,oPn,z9 (Ikn “ TiVn\\) ■ 

Assume that ATi = sup | | ||u - zf - HUn - zf + ^nPn,oPn,^9 ilfn - T^Vn^Y 
It is conclude form isrm that 

(2-8) CuPn,0Pn,i9 (Ikn “ TiVn\\) < |kn - ^f - |kn+l - zf + ^^Ki. 

By Lemma [Hand (12.21) . we have 

||Un+l-zf = \f^U + {I - Cn) ToVn + iCn - ^n) ToWn -zf 

= IlCn (U - ^) + (1 - Cn) (ToVn - z) + (Cn “ Cn) i^OWn - z)f 

< \\f-(n)iToVn-z) + {Cn-Cn)(ToWn - z)f 
+2 (Cn {U-Z),J {Vn+1 - Z)) 

< f-Cn)\\ToVn-zf + {Cn-Cn)\\ToWn “zf 
+2 (Cn {U-Z),J {Vn+1 - Z)) 

< (l-Cn)lkn-zf + (Cn-Cn)lkn “zf 
+ 2Cn {U-Z,J {Vn+1 - Z)) 

< (1 - Cn) Ikn - zf + (Cn “ Cn) Ikn “ zf 
+ 2Cn {U- Z,J {Vn+1 - Z)) 

= (1 - Cn) Ikn - zf + 2Cn {u-Z,J {Vn +1 - z)) . 
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Step 3. We show that Vn ^ z as n ^ oo. 

For this step, we will examine two cases. 

Case 1. Suppose that there exists uq G N such that {Ijun — 2||}„>„g is nonin¬ 
creasing. furthermore, the sequence {||fn — is convergent. Thus, it is clear 

that \\vn — z\f — ||u„+i — z\f —)■ 0 as n —>■ oo. In view of condition (4) and (12.8L 
we have 

lim g{\\vn - T^VnW) = 0- 

n—)-oo 

From the properties of g, we have 

lim \\vn - T^VnW = 0- 

n—^oo 

Also, we can construct the sequences {wn — Vn) and (vn+i — Wn), as follows: 

OO 

Wn-Vn = ^ - Vn 

OO 

(2-9) = ^ {TiVn - Vn) , 

and 

Vn+l -Wn= inU + (1 “ Cn) ^oVn + {Cn “ Cn) ^oWn - Wn 


||U„+1-W„|| = IlCn (^ - ^0W„) -I-Cn (^0^'n - ToW„) -I- (Tot>„ -W„)|| 

< ^n\W-ToWn\\+Cn\\ToVn-ToWn\\ + \\ToVn - Wn\\ 

(2.10) < ^n\\u-ToWn\\+Cnhn-Wn\\ + \\ToVn -Wn\\. 
These imply that 

(2.11) lim ||u„+i - w„|| = 0 and lim ||ui„ - || = 0. 

n—¥oo n—¥oo 

By the expressions in (12.111) . we obtain 

||u„+i -Vn\\ < \\Wn - Vn || + ||u„+i - Wn\\ ■ 

This implies that 


( 2 . 12 ) 


lim ||u„+i 

n—>00 


Vn\\ = 0. 


Previously, we have shown that the sequence is bounded. Therefore, 

there exists a subsequence of {un}„gN such that Vnj+i I for all j G N. 

By principle of demiclosedness at zero. It is concluded that I G F. Considering the 
above facts and Definition o, we obtain 


(2.13) 


limsup(M-z, J(u„+i,z)) = 

n—>oo 


< 


lim (u- z,J - z)) 

j->oo 

(u — z, J {I — z)) 

{u — Ppu, J {I — Ppu)) 

0 . 


By Lemma (IS|), we have the desired result. 

Case 2. Let be subsequence of such that 
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Then, in view of Lemma ([T]), there exists a nondecreasing sequence C N, 

and hence 

\\z - VmJ\ < \\z - Vmk+i\\ and II2: - Ufell < p - Ur„;,+l|| , V/c G N. 

If we rewrite the equation (12. 8p for this Lemma, we have 

< \\Vm^ - zf - \\v^^ + i - zf + 

< e™,^i,V/cGN. 

Considering the conditions (1) and (2), we obtain 

lim g{\\vm^ -TjUmJI) =0. 

k—^oo 

It follows that 

lim \\Vmt, -TiVrukW = 0. 

k—¥oo 

Therefore, using the same argument as Case 1, we have 

lim sup {u- z,J {vm^,z)) = lim sup (u- z,J zj \ < 0. 

n—^oo n—¥cc) ' ^ ^ ' 

Using (lOl) . we get 

ll'f^mfc + l ~ 2^11 ^ (1 ~ Cmib) ~ z\\ + 2^^^ {u — Z, J (Vm^ + l ~ Z')) ■ 
Previously, we have shown that the inequality ||ums, — z\\ < — z\\ is per¬ 

formed, and hence 

^rrik ~ -^ll — ~ ^11 ~ ll^^mjc-l-l ~ z\\ + {u ~ Z, J (Um^ + l ~ z)) 

— {u ~ Z, J {Vm^ + l ~ z)) . 

Hence, we get 

(2.14) lim -z|| =0. 

k—¥oo 

considering the expressions (12.131) and (12.141) , we obtain 

lim ||u™,+i -z|| = 0. 

k—^oo 

Finaly, we get ||ufe — z\\ < ||ur„^+i — z\\, Vfc G N. It follows that Vm^ —>■ z as 
k —>■ oo. Then we have Ufe —>■ z as n ^ oo. □ 

We obtain the following corollary for a single mapping. 

Corollary 1. Let B be a real uniformly eonvex Banach spaee having the normalized 
duality mapping J and C he a ccs of B. Assume that T is a quasi nonexpansive 
mappings given in the form T : C ^ C and F is set of fixed point of T and, T — I 
is demiclosed at zero. Let be a sequence generated by 

{ Vi, u G C arbitrarily chosen, 

Vn+l = -f (1 - C„) TVn + (C„ - fn) TWn 

Wn = - V’n)Vn + ‘PnTVn, n>0, 

w/iere{C„}„gf^, {CnlneN {‘^nineN sequences in [0,1] satisfying the following 
control conditions: 

(1) limTi-j-oo f,ri ~ 

oo 

(2) = oo; 

n—1 

(3) liminf„_>oo Cn (1 “ ‘fn) Vn > 0) for all n G N. 
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Then {'yn}„gN converges strongly as n ^ oo to Ppu, where the map Pp : B ^ F 
is the metric projection. 

Theorem 4. Let B be a real uniformly convex Banach space having the weakly 
sequentially continuous duality mapping and C be a ccs of B such that D^Af) C 

OO 

C C R{I + rAi) for each i G N. Assume that {^i}iGNu{o} infinite family 

r>0 

of accretive operators satisfying the range condition, and > 0 and r > 0 be such 
that limn^oofn = r. Let = (/ + be the resolvent of A. Let {rn}„gN be 

a sequence generated by 

Vi, u G C arbitrarily chosen, 

Cu+l = inU + (1 - C„) + (C„ - Cn) Jr°Wn 

OO 

Wn = Tu.o'Vn + X! Tn,iJrf'Vn, n>0, 

where{(jn}n&i’ {^nlnGN ^^d {<P„,i}„gN,ieNu{ 0 } sequences in [0,1] satisfying 
the following control conditions: 

(1) lililn—J'OO ^ri ~ 

OO 

( 2 ) = oo; 

n—1 

OO 

(3) Tn,0 + Yi ^ 

i—1 

(4) liminf^^oo CnTn,oTn,i > 0; for all uGN. 

OO 

If Qz : B ^ Z is the sunny nonexpansive retraction such that Z = nA-'(o)i^ 

i—1 

0 , then {lining^ converges strongly as n ^ oo to Qzu. 

Proof. The proof consists of three parts. 

We note that Z is closed and convex. Set 2 = QzU- 

Step 1. Prove that {w„}„gN and {>/4.'^"}neN.*eNu{o} bounded. 

Firstly, we show that is bounded. Let p G Z he fixed. By Lemma [H we 

have the following inequality 



-pf = 


< 


TufiCn + Y TmiJr^n “ P 


< PnP hn-p\? +Y‘^m^ Pryn-pf - Tu,oTn,i9 (l^n “ JpVn\\) 

OO 

Tu,0 \\Cn-pf + Y \\'On-p\? “ Tn,oPn,i9 (l^n “ JpVn\\) 




-Pf - Tn,0Tn,t9 (ll^^n “ Jp^nW) 


< hn-p\P 


( 2 . 16 ) 
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This show that 

hn+l-p\\ = UnU+{i-Cn)J^yn + {Cn-^n)J^°Wn -P\\ 

< ^n\\u-p\\+{^-Cn)\\jt°^n-p\\+iCn-^n)\\Jr°Wn - p\\ 

< 11^^ - P\\ + (1 - C„) Ik" - pII + (C„ - ?n) \\Wn “ p\\ 

< ?nl|w-p|l + (l-Cn)lkn-p|| 

< max{||M-p||, ||i;„ - p\\ } 


If we continue the way of induction, we have 

Ikn+i-p|| =max{||M-p||, ||ti-p|| },VnGN. 

Therefore, we conclude that ||u„+i — p|| is bounded, this implies that {Tn}„gf^ 
is bounded. Furthermore, it is easily show that and 

are bounded too. 

Step 2. Show that for any n G N, 

Ikn+l - zf < (1 - Cn) \\Vn “ + ‘^in (« “ J<!> K+1 “ ^)) ■ 


(2.17) 

By considering (12.161) . we have 


(2.18) 


kn - = Ikn - - Pn,0Pn,^9 (l^n 


— J^'V 

u ^ Un 


(12.181) implies that 

Un+l-zf = ||C„M+(l-Cn)-/rl“«n + (Cn-C„)-/rl“W'n 

< L\W-zf + il-U\\j^yn-z\f + iC^-U\\ji°Wn -^r 

< Cn I|W - -(-2(19} Cn) \\Vn “ + (Cn “ U) l^n “ “ Pn,oPn,^9 (l^n “ 

= Cn Ik - (1 - Cn) Ikn “ - CriPn,oPn,z9 (l^n “ J^yn\\) + ^nPn,oPn,^9 (1^ 


Assumethati4:2 = SUp||||m- 2 ;|| -||i;„-z|| + ^nPn,oPn,i9 {\\vn - 

It is conclude form (12.191) that 

(2-20) CuPu,oPn,^9 {\\yn - jfynW) < |k„ - Z f - ||Un+l - Z f + C„ ^12. 

By Lemma [Hand (I2.16F we have 

llUn+i-zf = \\^nU+{^-Cn)J^yn + {Cu-DJ^°U)n-z\\^ 

= ||Cn (W - Z:) + (1 - Cn) {J^yn - z) + (C„ “ Cn) {Jr°Wn “ z) f 

< 11(1 - Cn) -Z)+ (C„ - Cn) - z) f + 2 (C„ {u - z) , (Un+l - z)) 

< (1 - Cn) \\j^yn-z\\^ + (Cn - Cn) Pr^Wn - Z | f + 2 (^„ (u - z) , (Un +1 - z)) 


< ( 1 -Cn 

< ( 1 -Cn 

= ( 1 -Cn 


— ^11 + (Cn — Cn 


- 2C„ {U - Z, J0 {Vn+1 - Z)) 


Ikn - zf + (C„ - Cn) Ikn - zf + 2^„ {u - Z, (Un +1 - z)) 


- + 2Cn {U - Z, {Vn+1 - Z)) . 


Step 3. We show that Un —t z: as n —>■ oo. 

For this step, we will examine two cases. 

Case 1. Suppose that there exists uq G N such that {||un — z:||}„>„p is nonin¬ 
creasing. furthermore, the sequence {|kn — z:||}„gfj is convergent. Thus, it is clear 
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that \\vn — z\\^ — lli^n+i — z\\'^ —)► 0 as n ^ oo. In view of condition (4) and p.20ll . 
we have 

lim g - J^jvn\\) = 0. 

n—^co ^ 

From the properties of g, we have 

lim \\vn - = 0. 

Also, we can construct the sequences {wn — u„) and (un,+i — Wn), as follows: 

OO 

Wn-Vn = ‘Pn,0'>Jn+'^‘Pn,tJ^JVn-Vn 

OO 

(2-21) = ‘Pn,i ~ '^ri) , 

i=l 

and 

Vn+l ~ Wn = A (1 — Cn) 4“ (Cn ~ $n) 

ll^n+1 Wn\[ — ll^n R^n) 4“ (1 ^n) Wn) 4” (Cn ^n) Wn) 

< ^n\\u-Wn\\ + {l-Cn)\\jt°'^r,-Wn\\+iCn-in)Pt°'<^n - Wn\\ 

These imply that 

(2.22) lim llun+i - w;„|| = 0 and lim ||ui„ - || = 0. 

n—xx) n—xx) 

By the expressions in (12.221) . we obtain 

||u„+i -Vn\\ < \\Wn -Vn || 4" ||u„+i - Wn\\ ■ 


This implies that 


(2.23) lim ||u„+i - Unll = 0. 

n—>oo 

By Lemma El and (12.211) . we have 

ll^n Jr ^n||^||^n '^rn^^||4“||'^r,i^^ Jr ^n||^||^n 

This implies that 

lim llun — = 0, for all * € N. 



-J, 


Ai„ 


Previously, we have shown that the sequence is bounded. Therefore, 

there exists a subsequence of {u„}„g|sj such that Vnj+i —>■ I € F (j^'v„) 

for all j € N. This, together with Lemma [T] implies that 


limsup (u - z, (u„+i, x)) = lim (u - z, J0 (un^.+i - z)) 

n-).oo fc-foo 

(2.24) = {u- Z,J^{1 - z)) 

< 0 . 


By Lemma (0, we obtain the desired result. 

Case 2. Let be subsequence of such that 

\\vnj - z\\ < ||u„^-+i - z|| , for all j G N. 
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Then, in view of Lemma ([T]), there exists a nondecreasing sequence C N, 

and hence 

\\z - VmkW < \\z - Vmk+i\\ and II 2 : - Ufell < p - , V/c G N. 

If we rewrite the equation (12.81) for this Lemma, we have 

Cmk‘fimk,0‘Pmk,i9 iW'^mk ~ ^ — ||Um,fc + l ~ 

^ Vfc G N. 

Considering the conditions (1) and (2), we obtain 

lim g{\\vmk -Jr^m^W) = 0 . 

It follows that 

lim ^Tri '^'^k II — 

k—^(X) 

Therefore, using the same argument as Case 1, we have 

lim sup {u - z, (vmk,z)} = lim sup iu - z, zj \ < 0 . 

Using (12.171) . we get 

Il'Cmfe + l — .2^11 < (1 — ^mk) ~ ^11 + ^^mib ~ “ ^)) ■ 

Previously, we have shown that the inequality \\vmk — z\\ < \\vmk+i ~ z\\ is per¬ 
formed, and hence 

Cmj, ll'amfc ~ ^11 — ~ z\\ — ||Umfc + l ~ z\\ -|- 2^^^ {u — Z, Jff, (Vm^ + l ~ z)) 

— ~ ^1 "^0 ('arrifc-l-l ~ z)) . 

Hence, we get 

(2.25) lim \\vmk - -^ll = 0. 

k—¥oo 

Considering the expressions (12.241) and (12.251) . we obtain 

lim \\vm^+i -z|| = 0 . 

k—¥oo 

Finally, we get ||ufc — z\\ < ||umfc+i — ^H, Vfc G N. It follows that Vm^ —>■ z as 
k oo. Then we have Ufe —>■ z as n ^ oo. □ 

Theorem 5. Let B be a real uniformly convex Banaeh space having a Gateaux 

OO 

differentiable norm, and C be a ccs of B such that D{Ai) C C C R{I + rAi) for 

r>0 

each i € N. Assume that {^iligNujo} infinite family of accretive operators 

satisfying the range condition, and > 0 and r > 0 be such that limn^ocfn = t. 
Let = (/ + rnAi)~^ be the resolvent of A. Let be a sequence generated 

by 

Vi, u G C arbitrarily chosen, 

Vn+l = fnU + (1 - Cn) + (Cn “ C„) J^fWn 

OO 

Wn = ‘Pn,0'>Jn + ^ « > 0 , 

M;/iere{C„}„gN; {?n}„ 6 N {< 7 ’„,i}„gN.*eNu{o} sequences in [ 0 , 1 ] satisfying 

the following control conditions: 

(l) liiain—j'oo ^ri ~ 
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(2) XI 

n—1 

oo 

(3) Vn,0 + X ^ 

z— 1 

(4) limmf„^oo Cn‘fn,o‘fn,i > 0> for all n G N. 

OO 

// : B ^ Z is the sunny nonexpansive retraction such that Z = 

0, then {t’nInGN converges strongly as n ^ oo to Qzu. 
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